Abstract. We investigate the cosmological background evolution and perturbations in a general class of spatially covariant theories of gravity, which propagates two tensor modes and one scalar mode. We show that the structure of the theory is preserved under the disformal transformation. We also evaluate the primordial spectra for both the gravitational waves and the curvature perturbation, which are invariant under the disformal transformation. Due to the existence of higher spatial derivatives, the quadratic Lagrangian for the tensor modes itself cannot be transformed to the form in the Einstein frame. Nevertheless, there exists a one-parameter family of frames in which the spectrum of the gravitational waves takes the standard form in the Einstein frame.
Introduction
One of the mysteries in modern cosmology is the accelerating expansion of our universe in its primordial epoch [1] and today [2, 3] , which stimulates the study of theories containing additional degrees of freedom beyond the simplest model based on general relativity (GR) with a cosmological constant (see [4] [5] [6] for recent reviews).
The most straightforward approach to these additional degrees of freedom is to introduce scalar fields. Along this direction, a significant progress in the recent years is the re-discovery of the Horndeski theory [7] -the most general covariant scalar-tensor theory with second derivatives -as the "generalized galileon" [8] . Lagrangians for a single scalar field with second derivatives were constructed in a Minkowski background as the "galileon" model [9] , which was then generalized to a curved background using the "covariantization" procedure [10, 11] . The generalized galileon was constructed following the same procedure (see [12] for a review) and was shown to be exactly equivalent to the Horndeski theory [13] (see also [14] ). The Horndeski theory has been applied extensively on the studies of inflation and dark energy, see e.g. [13, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
An alternative approach to these additional degrees of freedoms beyond GR, is to construct gravitational theories with less gauge redundancies than those of GR. The well-studied effective field theory (EFT) of inflation [26] [27] [28] (which showed its first appearance in ghost condensate [29, 30] ) belongs to this category. This approach was further applied to the EFT of dark energy [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] , where the inflaton/dark energy is described by a single scalar degree of freedom, which can also be coupled to several matter fields [44] [45] [46] [47] [48] [49] [50] [51] (See [50, 52] for recent reviews). Another extensively studied example, although initially motivated by a different purpose, is the Hořava gravity [53] and its healthy extension [54] . Interestingly, when fixing the gauge by choosing the scalar field as the time coordinate (i.e., t = φ(t, x), which is often dubbed as the "unitary gauge"), the Horndeski Lagrangian can also be recast in a form similar to that of the EFT of inflation/dark energy [38] . In all of these theories, the Lagrangians involve geometric quantities associated with the foliation of spacelike hypersurfaces only, which respect the spatial diffeomorphism. Therefore, we may think of such kind of theories as spatially covariant theories of gravity.
These two approaches have virtually been studied separately. Nevertheless, recent attempts trying to relate these approaches have brought us new insights into the modification of gravity. This stems from the observation in [55] that spatially covariant gravity theories can be used to generate covariant scalar-tensor theories beyond the Horndeski domain, namely theories generally having higher order equations of motion without introducing extra degrees of freedom other than those of the Horndeski theory. An explicit example was given in [55] by minimally deforming the Horndeski Lagrangian in the unitary gauge, of which the healthiness was proven in the unitary gauge [56, 57] and recently in a covariant manner [58] . Such "beyond Horndeski" theories have been studied concerning various topics, such as cosmological perturbations [59, 60] , non-Gaussianities [61] , Vainshtein mechanism [62, 63] , etc.
From the point of view of spatial symmetries, it is natural to explore such "beyond Horndeski" theories as general as we can. This possibility was developed in [64] , where a wide class of spatially covariant gravity theories was proposed. Through a thorough Hamiltonian analysis, it was shown that such spatially covariant gravity theories propagate at most three degrees of freedom [65] . One may thus expect the existence of an even larger class of scalar tensor theories that have higher order equations of motion while still propagating no more than three degrees of freedom. By construction, the theory in [64] has virtually included all the previous models.
In fact, scalar-tensor theories beyond the Horndeski domain have been discussed in [66, 67] through the so-called "disformal transformation" [68] : g µν → Ω 2 g µν + Γ ∂ µ φ∂ ν φ where Ω and Γ can be general functions of the scalar field φ and its derivatives. Similar to the conformal transformation, the disformal transformation is useful to clarify the mixing between the scalar field φ and extra matter fields [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] . 1 It has been shown that the Horndeski theory is closed (i.e. the structure is preserved but with possibly different coefficients) under the disformal transformation if Ω and Γ are both functions of φ only [66, 67] (see also [83] ). While the disformal transformation with Γ = Γ(φ, ∂φ) transforms (subsets of) Horndeski theory to the Lagrangians in [55, 56] , which themselves are closed under such a transformation. In systems propagating a single scalar degree of freedom, it has been shown that both the gravitational waves and the curvature perturbations are invariant under the disformal transformation [84] [85] [86] [87] [88] [89] . Moreover, in the case with second order equation of motion, the quadratic action for the tensor modes and thus the corresponding primordial spectrum can be transformed to be those in GR under a suitable disformal transformation [86, 90, 91] . This paper is devoted to the study of background evolution and generation of perturbations during cosmic inflation of the theory proposed in [64] , which we call the XG3 theory referring to eXtended Galileon with 3 space covariance since this theory is more general than the generalized Galileon but still their field equations are second order in time in the unitary gauge. The 3 also represents the maximum number of second order derivative operators in 1 See also [81, 82] for recent application of disformal transformation on inducing new geometries. each term of the action. This theory is a subclass of spatially covariant gravity and is more general than what is called the GLPV theory [55] . We also analyze transformation laws of the XG3 theory under the disformal transformation to show that the theory is closed under such a transformation and that both tensor and scalar perturbations are invariant in the cosmological background.
The rest of the paper is organized as follows. In the next section we first introduce spatially covariant theories of gravity and examine the transformation of the XG3 theory under the disformal transformation, and highlight the relation between the XG3 and GLPV theories. In Sec.3 we introduce cosmological background and perturbations in this theory. In the original Horndeski theory, the equations of motion are second order by construction. As we shall see in Sec.3.2, generally both the tensor and scalar modes of the perturbations around a flat Friedmann-Lemaître-Robertson-Walker (FLRW) background possess higher order spatial derivatives, although the time derivatives are kept up to the second order, which ensures the absence of any unwanted degree of freedom. This fact prevents the possibility of transforming the quadratic action of the gravitational waves itself to be the form in the Einstein frame. Nevertheless, in Sec. 4 we will show that we are able to find a frame in which the primordial spectrum of the gravitational wave takes the same the form as in the Einstein frame. Finally Sec.5 is devoted to conclusion.
The formalism

Spatially covariant theories of gravity
Let us start from the Horndeski theory [7] , which is the most general single-field scalar-tensor theory with second-order equations of motion in four-dimensional spacetime. The action is reformulated in [8, 13] :
where G n with n = 2, 3, 4, 5 are general functions of φ and X ≡ −g µν ∂ µ φ∂ ν φ/2, 4 R and 4 G µν are four-dimensional spacetime Ricci scalar and Einstein tensor, respectively. The presence of the scalar field φ naturally foliates the spacetime. Thus the Horndeski theory can be reformulated in terms of the intrinsic and extrinsic geometric quantities associated by the foliation specified by φ = const. For our purpose, we assume the scalar field φ has a timelike gradient, i.e., g µν ∂ µ φ∂ ν φ < 0, which specifies the foliation of codimension-one spacelike hypersurfaces, and express spacetime metric in terms of the ADM variables [92, 93] ,
The normal vector to the hypersurfaces is n µ = −∂ µ φ/ √ −2X. The components of ∇ ν n µ parallel and perpendicular to the hypersurfaces correspond to the extrinsic curvature K µν = h ρ µ ∇ ρ n ν ≡ D ν n µ and the acceleration a µ = n ν ∇ ν n µ ≡ D µ ln N respectively, where h µν = g µν + n µ n ν is the induced metric on the hypersurfaces, D µ is the intrinsic covariant derivative compatible with h µν . Using the Gauss/Codazzi/Ricci relations as well as
where £ n is the Lie derivative with respect to n µ , the Horndeski theory (2.1) can be equivalently written as [38] 
where 3 R µν and 3 R are the intrinsic Ricci tensor and scalar, the 10 coefficients a 0 etc are given by
10)
with F 3 and F 5 related to G 3 and G 5 through 12) respectively. Note in the last line of (2.8), we kept the boundary term ∇ µ B µ (which was not shown explicitly in [38] ), where
In (2.8), the 10 coefficients a 0 etc are controlled by 4 independent functions G 1 , · · · , G 4 through (2.9)-(2.11). It was observed in [55] that, we may slightly relax the relations in (2.9)-(2.11) while keeping the relative relations among {a 1 , a 2 }, {b 1 , b 2 } and {c 1 , c 2 , c 3 }, and thus write
14)
where A 2 , A 3 , A 4 , A 5 , B 4 and B 5 are 6 general functions of φ and N . The resulting theory (dubbed as the "GLPV theory" in the literature) lies out of the scope of the original Horndeski theory. Nevertheless, it was argued in [55] that the theory still propagates the same number of degrees of freedom as the Horndeski theory. This striking fact was also proved in [56, 57] through the Hamiltonian analysis in a gauge (usually dubbed as the "unitary gauge") where the time coordinate is φ itself, and in a covariant manner [58] . In the unitary gauge, the degree of freedom of the scalar field φ is absorbed into the metric, and the resulting theory looks like a theory for metric variables only, but with reduced symmetries. In our case with timelike ∂ µ φ, the resulting theory respects only spatial diffeomorphism. Thus we may refer to it as spatially covariant theory of gravity. From this point of view, there is no reason to restrict the theory by imposing (2.14)-(2.15). Indeed, one may consider a large class of Lagrangians in the unitary gauge, which are general scalar invariants under spatial diffeomorphisms. This possibility was systematically developed in [64] , in which the action of the following form
was considered, where and in the following, we neglect the superscript " 3 " for short (and thus R ij stands for the spatial components of 3 R µν in the unitary gauge, etc). Through a general Hamiltonian analysis, it was proven in [65] that the action (2.16) indeed propagates no more than three degrees of freedom, which are the same in the Horndeski theory. Readers who are familiar with the effective theory of inflation/dark energy or Hořava gravity [53] may also recognize the similarity among these theories. As an inverse procedure of gauge fixing, the generally covariant version of (2.16) can be obtained by pushing t to a dynamical scalar field. 2 The resulting theory thus become a scalar-tensor theory with a single scalar field (φ-language), which possesses higher order equations of motion, but without introducing extra degrees of freedom. It should not be surprised that the structure of this class of theories acquires much more freedom than that of the Horndeski theory as the symmetry is reduced. Instead of considering the general Lagrangian (2.16), in this work we restrict ourselves to a subset of (2.16), dubbed XG3 theory where we impose the following two restrictions: 1) there are no derivatives higher than the second order in the Lagrangian when going into the "φ-language" (and thus we neglect spatial derivatives of K ij , R ij and a i ), and 2) the number of second order derivative operators does not exceed three in each term, which enable us to exhaust all possible terms. The corresponding Lagrangian can thus be written as [64] 
with
Rµν and aµ are given by derivatives of the scalar field up to the second order as well as the four dimensional Riemann tensor. See discussions around eq. (6)- (8) in [65] for details.
where a n , b n , c n , d n are general functions of (t, N ). As we shall see, this subclass of Lagrangians has virtually included all previous models, while still possessing new interesting extensions. Before proceeding, note that from the EFT point of view, all operators respecting spatial symmetry should arise, and some of which may introduce unwanted degrees of freedom. We have deliberately dropped such operators in our construction.
Disformal transformation
There have been some interests in investigating scalar-tensor theories from the point of view of the so-called "disformal transformation" [68] :
When the gauge φ = φ(t) is accessible, (2.22) implies the transformation of ADM variables,
where we have denoted
for short. Note that (2.22) is a spacetime covariant transformation. Instead of (2.22) we may alternatively think of (2.23) as the definition of the disformal transformation. On each spatial hypersurface with fixed t, the disformal transformation (2.23) redefines the lapse function N and rescales the spatial metric h ij and the shift vector N i simultaneously. Under the transformation (2.22), the transformation laws of the extrinsic and spatial curvatures are given bŷ 26) and the acceleration transforms aŝ
Using the above relations, it is straightforward to show the action (2.17) is closed under the disformal transformation. The action in the transformed frame is given byŜ[ĝ µν ,â n , · · · ] in which all the operators and coefficients in (2.17) are replaced by the hatted ones. By substituting the above relations, one can rewrite the transformed action in terms of quantities in the original frame. Then it is found that only the operators which exist in (2.17) appear and no new operator emerges. Thus, by rearranging the coefficients as follows, we restore the original action (2.17).
29)
30)
31) 32) for coefficient functions of terms first order in K ij ,
33)
for those second order in K ij ,
for those third order in extrinsic curvatures, and
36)
38)
39)
for those without any time derivatives, where in the above ω and β are defined in (2.25) and (2.27), respectively. It should be stressed that no new operator appears, which implies that the action (2.17) is closed under the disformal transformation (2.23).
Before proceeding, we would like to make some comments on the form of disformal transformations. From the point of view of spatial covariance, one may freely consider more general class of transformations that generalizes (2.23):
where Φ, Ψ and Ω can be general scalar (under spatial diffeomorphism) functions built of
as well as their spatial derivatives and even time derivatives. For instance, the case with Ψ ≡ Ω = Ω(t, N ) has recently been discussed in [94] . Although it might be interesting to investigate such exotic transformations as (2.41), in this paper we restrict ourselves to (2.22) or (2.23), since our theory is closed under it, as we have shown in the above. On the other hand, under the transformation (2.41) and (2.42), starting from the Horndeski theory one may arrive at many different classes of theories respecting only spatial symmetries. However, in general such theories involve explicit time derivatives on the lapse, shift or spatial curvature, and thus do not take form as in (2.16) . In this work we restrict ourselves to theories in the form of (2.16), of which the XG3 theory is the most general one after imposing the two conditions described above (2.17).
Relation between the XG3 theory and the GLPV theory
Now let us consider the relationship between the XG3 theory (2.17) and the GLPV theory in light of the disformal transformation. As discussed in Sec. 2.1, the latter is a subclass of the former. The GLPV theory is restored, if (2.14) and (2.15) are satisfied, and all of the remaining coefficients vanish:
As we shall show below, if a theory is included in the spatially covariant theories of gravity but lies out of the scope of the GLPV subclass, it cannot be transformed to be a GLPV theory through any non-singular disformal transformation (2.22) . In other words, once the theory is extended and deviated from the GLPV theory, it cannot be brought back to the GLPV theory by the disformal transformation. This can be seen as follows. First, if any coefficients in (2.43) is nonzero, the corresponding coefficient in the transformed frame must also be nonvanishing, and thus the transformed theory is not included in the GLPV subclass. Except for d 2 , d 3 and d 4 , the disformal transformations of other coefficients in (2.43) are proportional to themselves. If any of them is nonvanishing in the original frame, they must be nonzero in another disformal frame. After setting them to zero, the same argument is applicable to d 2 , d 3 and d 4 . Thus a necessary condition to get a transformed theory in the GLPV subclass is to have all the coefficients in (2.43) being vanishing. In the following discussion, the coefficients in (2.43) are assumed to be zero.
Second, let us consider a 1 and a 2 . The GLPV theory satisfies the relation 2a 1 = −a 2 . However, a 1 and a 2 transform in the exactly same way and the ratio a 1 /a 2 does not change. Thus if the relation 2a 1 = −a 2 is not satisfied in one frame, it cannot be satisfied in any disformal frame. For c 1 , c 2 and c 3 , one can apply the same argument. Hereafter, we assume that these coefficients satisfy these two relations.
Finally, the remaining parameters are b 1 and b 2 . In the GLPV theory, they satisfy b 1 = −b 2 . With the assumptions made above, their transformations are given bŷ
Although for a large ω, the transformed theory approaches the GLPV theory, it never reaches the GLPV theory. In order to have exactlyb 1 = −b 2 in the transformed frame, we must have b 1 = −b 2 in the original frame. Therefore, any spatially covariant theory of gravity that does not belong to the GLPV subclass cannot be reduced to the GLPV theory under the disformal transformation (2.22).
It is interesting to note that since the GLPV theory is closed under the disformal transformation, if a generalized theory could be reduced to the GLPV theory by the disformal transformation, the GLPV theory would be the fixed point of the transformation. We have shown, however, that an extended theory cannot reach the (would-be) fixed point. Thus the GLPV theory and the rest of the XG3 theory in (2.17) are disconnected in the space of theories, in the sense that they are not transformed into each other by the disformal transformation (2.22). 3 
Cosmological considerations
In order to apply the XG3 theory to cosmology first we separate ADM variables N , N i ≡ h ij N j , and h ij to the homogeneous part and perturbations as follows.
1)
2)
3)
whereN and a are functions of t. As usual, we further decompose B i and H ij into irreducible parts as
, and thus ζ ≡ 1 6 H i i is identified as the scalar mode and γ ij the tensor modes. The extrinsic curvature and the acceleration are expressed as:
Now let us consider the change of perturbations under the disformal transformation (2.23). (3.3) implies that 8) and thus if we define the transformation of the scale factor to bê
we haveĤ ij = H ij , and thusζ 10) which implies that the curvature perturbation and the gravitational waves themselves are invariant. On the other hand, A and B i are not invariant. Since N =N e A andN =N eÂ, (2.23) impliesÂ is nonlinear in A and is given bŷ
for short. We also haveB
Background evolution
By definition, the vanishing of the linear variation of the action
yields the background equations of motion
17)
and 19) where the Hubble parameter is defined as
Throughout this paper, primes over a function f = f (t, N ) denote
etc. Only operators proportional to a 0 , d 0 , b 1 , b 2 , c 1 , c 2 and c 3 contribute to the evolution of background. Now we consider the transformation of the background equations of motion under the disformal transformation. In the transformed frame, the first order action takes the same structure as (3.14)Ŝ
thus we have
where α 1 is defined in (3.12). Since the action is closed under the disformal transformation, (3.23)-(3.24) imply that the background equations of motion are invariant (up to irrelevant overall factors) under the disformal transformation.
Linear perturbations
Now let us turn to perturbations. The quadratic action for the tensor modes γ ij is
where
26)
Throughout this work, repeated lower spatial indices are summed by δ ij . At this point, note that the equation of motion for γ ij contains spatial derivatives up to the fourth order due to the existence of terms
The quadratic action for the scalar modes takes the following general form
where the coefficients m AA , g ζζ , · · · , w Bζ can be found in Appendix A. At this point, note that generally the Lagrangian we are considering possesses 3 degrees of freedom. Nevertheless, it is possible to choose specific parameters such that at the level of linear perturbations around an isotropic and homogeneous background, only two tensor modes are propagating. This possibility was recently studied in [96] , where spatial derivatives of the extrinsic curvature D i K jk was also considered. While in this work, we suppose the scalar mode is propagating at the level of linear perturbations. After solving the constraints for A and B, the final quadratic action for ζ is given by
32) itself depends on k. Similar cases have been studied in the framework of Hořava gravity [54, 97] .
We will evaluate the primordial spectra of the tensor and scalar modes in the next section. At this point, let us examine whether the quadratic Lagrangians (3.25) and (3.31) are invariant under the disformal transformation. Sinceζ = ζ andĥ ij = h ij under the disformal transformation, it is expected that their quadratic actions are also invariant. This can be verified explicitly by checking the transformation of the corresponding coefficients G γ , W γ in (3.25), and G ζ , W ζ in (3.31), as performed in [86] in the case of the GLPV theory. However, here we will show that the invariance of quadratic actions S γ 2 and S ζ 2 is an inevitable consequence, without explicit calculations. This is already obvious for the gravitational waves. Since both the fully nonlinear action (2.17) and the perturbative quantity h ij are invariant, the quadratic order action for tensor mode must be invariant: 36) and thusĜ
which can be checked explicitly using (2.28)-(2.40).
On the other hand, under the disformal transformation, since A and B i ≡ ∂ i B themselves are not invariant, after solving their constraint equations in (3.30), it is not manifest if the final quadratic action for the curvature perturbation S ζ 2 in (3.31) is invariant or not. In particular, the nonlinear transformation of A implies thatŜ S 2 = S S 2 , since S S 2 will contribute to all orderŝ S S n with n ≥ 2 in the transformed frame. Nevertheless, following the same procedure as in (3.22) , up to the quadratic order in perturbations, we have the following relation
where α 1 is defined in (3.12). Using these results, it is straightforward to verify that 40) whereĜζ andŴζ take the same structure with (3.32) and (3.33) but with all quantities replaced by the hatted ones in (3.38)-(3.39). It is now manifest from (3.40) that 41) which implies the quadratic action for the curvature perturbation is invariant under the disformal transformation.
4 Primordial spectra
Gravitational waves
Let us calculate the power spectrum of the tensor mode. By introducing the conformal time τ throughN dt = a dτ, (4.1) the quadratic action (3.25) can be rewritten as
where we have defined
In order to canonically quantize the system, we writê
where an asterisk denotes complex conjugate,â(k) andâ † (k) are the annihilation and creation operators with the commutation relation
ij (k) is the polarization tensor with the helicity states s = ±2, satisfying
By choosing the normalization
zγ ij is canonically normalized, of which the mode function u(τ, k) satisfies the equation of motion
Mode solutions with this kind of modified dispersion relation has been studied in [98, 99] . The two-point function ofγ ij can now be computed as
The total power spectrum of the gravitational waves is given by
Now our task is to solve (4.8) for the mode function. Note in the case where all relevant coefficients are constant, the background equation of motion (3.15) implies H is constant 5 , and thus both c γ and M are constant, while z is proportional to 1/τ . Mode function in this case was studied recently in [96, 100] . In this work, we allow the deviation of the background from the exact de Sitter background, which is characterized by the usual slow-roll parameter
In this work we assume ǫ H to be constant, which implies
where a * and τ * are constant related by a * = − 1 (1−ǫ H )H * τ * with H * is some typical Hubble scale. Similarly, we allow c γ , M and G γ to have some time dependence by making the ansatz
where c γ * , M * and G γ * are constant, and ǫ c , ǫ M and ǫ g are constant numbers. These ǫ q (q = c, M, g) parameters are also given as
It should be noted that we do not assume that these slow-roll parameters are tiny and shall keep the higher order contributions in this section. It is convenient to introduce a new evolution parameter x = x(τ ) by
After some manipulations, the equation of motion for the mode function u (4.8) is recast in terms of x to
18)
5 Note this is different from the convention in [86] , whereN H is chosen to be constant.
In (4.17), we have introduced a dimensionless parameter
Unfortunately, (4.17) does not possess an analytical solution with a nonvanishing ǫ ξ . In order to proceed, we assume ǫ ξ ≈ 0. With this assumption, the solution to (4.17) is 24) in which U is the confluent hypergeometric function and L is the Laguerre polynomials, On the other hand, since when x → +∞,
we must have C 2 = 0. C 1 is fixed by the Wronskian normalization i = u
∂x − u * ∂u ∂x , which yields
The final mode solution is thus given by
where x * is given by (4.18).
Since when x → 0,
from (4.11), the power spectrum on large scales is thus
with spectral index given by
It is interesting to note that although our theory contains higher spatial derivatives such that the dispersion relation contains ∼ k 4 terms, a nearly scale-invariant large scale power spectrum for the gravitational waves can be achieved provided |n γ | ≪ 1.
At this point, one may wonder if the mode solution (4.30) and thus the expression for the power spectrum (4.32) are valid only when ξ = 0, since we have explicitly used a nonvanishing ξ * in determining the asymptotic condition (4.26). However, it can be shown explicitly that the mode solution (4.30) has a smooth limit of ξ * → 0: 34) where ϕ is some x-independent phase factor, u 0 is the positive frequency mode solution of (4.17) with ξ * = 0 and H
is the Hankel function of the first kind. Consequently, P γ in (4.32) can be expanded with respect to ξ * as
is the large-scale power spectrum corresponding to u 0 , i.e., in the absence of ξ, and
It encodes the leading order correction due to the modified dispersion relation. Due to the assumption of a constant ξ the existence of k 4 term only changes the overall amplitude of the power spectrum, while the spectral index is expected to change if the time dependence of ξ is taken into account.
Einstein frame for the gravitational waves
In this section we show that there exists a one-parameter family of frames in which the spectrum of the gravitational waves takes the same form as in the GR [101] : 40) under the assumption that the slow-roll parameters are constant and small. Here M Pl is the reduced Planck mass and k * is an arbitrary pivot scale where we take x * = 1.n GR γ and E GR are the tensor spectral index and the slow-roll correction to the amplitude, respectively. 6 Although the sound speedĉ γ and the overall factorĜ γ are not necessarily the same as the GR case and unfamiliar terms (e.g. the forth spatial derivative term) can exist in the tensor quadratic action in those frames, the power spectrum completely coincide with the one in the GR. It should be stressed that the argument in this subsection is not restricted to the XG3 theory but applicable to any theory in which the tensor perturbation is invariant under the disformal transformation.
General argument
Let us consider a general tensor power spectrum in the original frame:
where P gen γ(0) is the power spectrum at the 0-th order of the slow-roll expansion, n gen γ is the spectral index which is at least the first order in the slow-roll parameters, and E gen is the slowroll correction to the amplitude which includes the first order and higher terms of slow-roll parameters. Note that the running of the tensor spectral index vanishes due to the assumption that the slow-roll parameters are constant.
We set the following ansatz to parameterize the disformal transformation consistently with our assumption;
In what follows, we determine these parametersΦ * , ǫ Ω and ǫΦ such that (4.41) is mapped to (4.38) in new frames, while Ω * remains undetermined. To this end, we rewrite (4.38) in terms of quantities in the original frame,
where we have usedĤ * = (1+ ǫ Ω )H * /Φ * andǫ H = ǫ H + ǫΦ. Using the invariance of the power spectrum P 
(ii) The tensor spectral index:
(iii) The slow-roll correction to the amplitude:
Note that Ω * remains undetermined and it stays as a free parameter. Therefore we obtain the one-parameter family of frames in which the general tensor power spectrum in the original frame is given by the expression of the GR. For instance, in the case of the XG3 theory with the vanishing ǫ ξ , namely (4.32), the 0-th order amplitude, the tensor spectral index and the slow-roll correction to the amplitude are given by
48)
Substituting these into (4.45)-(4.47), one obtains the one-parameter family of disformal transformation which maps (4.32) to (4.38).
Einstein-frame and transformation
Here, we would like to make a few comments on the Einstein frame. The Einstein frame normally refers to the frame in which the quadratic action for the tensor mode S γ 2 is given by the standard form of the GR. However, from the above analysis, we found that although there always exists frames in which the tensor power spectrum P γ is given by the expression of GR (4.38) under the assumption of the constant slow-roll parameters, the quadratic action S γ 2 does not necessarily coincide with that of the GR in these frames. For instance, the fourth derivative term in (4.2) is the explicit deviation from the GR, which cannot be removed by the disformal transformation. But yet, the power spectrum (4.32) in the XG3 theory can be mapped into (4.38) . Note that the dynamics of the tensor modes is clearly different from that of the GR in those frames. Only the observable P γ is the same as the GR case.
At this point, it is worthwhile to consider the case of the GLPV theory. The quadratic action of the tensor mode in the GLPV theory is simply (4.2) without the fourth derivative term. Following the procedure discussed in this subsection, one can determine the oneparameter family of frames, in which the tensor power spectrum is given by the standard expression (4.38). Moreover, in the case of the GLPV theory, one can fix Ω EF * for the parameter Ω * such that the quadratic action for the tensor modes coincides with that in GR, namely the Einstein frame [86] . Conversely, for any Ω * which is not that specific value Ω EF * , the rest of the one-parameter family of frames does not include the Einstein-frame, while the tensor power spectrum still agrees with that in the GR.
Furthermore, it is interesting to note that even in the presence of the conformal transformation g µν →ĝ µν = Ω 2 (φ) g µν only, the 0-th order amplitude and the spectral index of P γ can be freely tuned and reduced to the form in GR, while the slow-roll correction to the amplitude does not agree with E GR in general. It can be seen easily by taking the limits Γ(t, N ) → 0 and Φ(t, N ) → Ω(t) in (4.45)-(4.47), since in this case (4.46) and (4.47) cannot be satisfied simultaneously. It implies that the disformal transformation can map a general tensor power spectrum to the GR, because it contains the two free functions Ω(t) and Γ(t, N ), which appear in the transformed tensor power spectrum in such a way that the slow-roll correction to the amplitude can be adjusted as well.
Curvature perturbation
For completeness, in the following we also evaluate the power spectrum for the curvature perturbation ζ. As we have discussed, generally W (1) ζ
In the present paper we have studied some properties of spatially covariant gravity with a scalar field φ in cosmological contexts. While the most general theory of scalar-tensor theory with full covariance in four spacetime dimension, whose field equations are secondorder differential equations, is known as the generalized Galileon [8, 13] or the Horndeski theory [7] , our theory is formulated to preserve covariance only in a spatial hypersurface which is conveniently defined by a φ =constant surface [64] . Here φ plays the role of time and second-order covariant derivative of φ can be expressed in terms of the extrinsic curvature K ij of the hypersurface. Then the theory can be expressed by a sum of combinations of the geometrical quantities, and the coefficient of each term is treated as functions of t and the lapse N instead of φ and X.
Specifically as in the case of the generalized Galileon, the theory we used contains no terms with third or higher order derivatives in φ and the number of second-order derivatives is limited to three in each term. That is why we call it the eXtended Galileon with 3 space covariance and up to 3 second-order derivatives, in short, the XG3 theory [64] . Although it is similar to the GLPV theory [55] in the sense that it has spatial covariance only but still the number of propagating modes is three, the XG3 theory is more general than the GLPV theory. In particular, unlike the GLPV theory, cosmological perturbations in the XG3 theory contain fourth-order spatial derivative terms in the action.
We have studied how the theory responds to the disformal transformation [68] , to show that both the XG3 and GLPV theories are closed under generic disformal transformation, which means that the GLPV theory constitutes an isolated subclass of the XG3 theory with respect to this transformation.
We have also shown the actions for the linear tensor and curvature perturbations are also invariant with respect to the disformal transformation. We have particularly focused on the tensor perturbations generated during cosmic inflation, which is less dependent on inflation models than curvature perturbations, to show that one can find a disformal transformation which maps both the amplitude and the spectral index of tensor power spectrum to the form predicted by the general relativity.
It is remarkable that theories containing higher order spatial derivative terms in the action can realize the tensor power spectrum in full agreement with the prediction of the Einstein gravity, and so the utmost care must be devoted in interpreting the observational data of tensor perturbations.
Last but not least, as discussed in the end of Sec.2.2, it is interesting to explore more general transformations such as (2.41) and (2.42), and investigate their observational signatures, which may help us to distinguish the Horndeksi, GLPV, XG3 or more exotic theories from each other. This will be the subject of future publications.
A Coefficients in (3.30)
Various coefficients in (3.30) 
